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High-precision calculation of the 4-loop QED contribution to
the slope of the Dirac form factor
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Abstract
We have evaluated with 1100 digits of precision the contribution of all the 891 mass-
independent 4-loop Feynman diagrams contributing to the slope of the Dirac form factor
in QED. The total 4-loop contribution is
m2F
(4)′
1 (0) = 0.886545673946443145836821730610315359390424032660064745. . .
(α
π
)4
.
We have fit a semi-analytical expression to the numerical value. The expression contains
harmonic polylogarithms of argument e
ipi
3 , e
2ipi
3 , e
ipi
2 , one-dimensional integrals of prod-
ucts of complete elliptic integrals and six finite parts of master integrals, evaluated up
to 4800 digits. We show the correction on the shift of the energy levels of the hydrogen
atom due to the slope.
Keywords: Quantum electrodynamics; Dirac form factor; Hydrogen atom; Feynman
diagram; High-precision calculation; Analytical fit;
PACS: 12.20Ds; 13.Gp; 06.20Jr; 12.20Fv;
Recently in Ref.[1] the 4-loop contribution to the electron g-2 in QED was calculated
numerically with very-high precision, and a semi-analytical fit was obtained. In this
companion paper we use the same techniques to calculate the 4-loop QED contribution
to the first derivative of the Dirac form factor.
In QED the amplitude for a vertex function can be written
(−ie)u¯(p1)Γµ(p1, p2)u(p2) = (−ie)u¯(p1)
(
γµF1(t) +
σµν
2m
qνF2(t)
)
u(p2) , (1)
where m is the electron mass, p1, p2 and q are the momenta of the electrons and the
photon, satisfying
p21 = p
2
2 = −m2, q = p1 − p2, t = −q2 . (2)
F1(t) and F2(t) are the Dirac and Pauli form factors. At t = 0, charge conservation
implies that
F1(0) = 1 , (3)
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Table 1: First 1100 digits of A4.
whereas the value of the Pauli form factor is the g-2
F2(0) =
g − 2
2
. (4)
The quantity d
dt
F1(t)
∣∣
t=0
= F ′1(0) is the slope of the Dirac form factor. The slope can
be expanded perturbatively in powers of
(
α
pi
)
m2F ′1(0) = A1
(α
π
)
+A2
(α
π
)2
+A3
(α
π
)3
+A4
(α
π
)4
+ . . . . (5)
The coefficient A1 in Eq.(5) is I.R. divergent:
A1 = −
1
8
− 1
6ǫ
; (6)
the divergence is due to the on-mass-shell condition of the external electron1; from two
loops onward, the coefficients are finite. The two-loop and three-loop coefficients are
known in analytical form [2–4]
A2 =−
4819
5184
− 49
72
ζ(2)− 3
4
ζ(3) + 3ζ(2) ln 2 = 0.469 941 487 459 992. . . , (7)
A3 =−
77513
186624
− 454979
6480
ζ(2)− 2929
288
ζ(3) +
41671
360
ζ(2) ln 2 +
3899
288
ζ(4)
− 103
180
ζ(2) ln2 2− 217
9
(
a4 +
1
24
ln4 2
)
+
25
8
ζ(5)− 17
4
ζ(3)ζ(2)
= 0.171 720 018 909 775. . . , (8)
where ζ(n) =
∑
∞
i=1 i
−n, an =
∑
∞
i=1 2
−i i−n.
In this paper we present the result of the calculation of A4 with a precision of 1100
digits. The first digits of the result are
A4 = 0.886545673946443145836821730610315359390424032660064745368055909. . . . (9)
The full-precision result is shown in table 1. We note that A2, A3 and A4 are all
1 In the calculation of the shift to energy levels due to the slope at one loop, the off-mass-shell
condition has to be taken into account, and this removes the divergence and gives rise to the Bethe
logarithms[5, 6]
2
1 2 3 4 5 6 7 8
9 10 11 12 13 14 15 16
17 18 19 20 21 22 23 24
25 26 27 28 29 30 31 32
33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48
49 50 51 52 53 54 55 56
57 58 59 60 61 62 63 64
65 66 67 68 69 70 71 72
73 74 75 76 77 78 79 80
81 82 83 84 85 86 87 88
89 90 91 92 93 94 95 96
97 98 99 100 101 102 103 104
Figure 1: The 4-loop self-mass diagrams.
positive, in contrast with the alternating signs observed in the g-2 up to 5 loops.
Let us now consider the shift to the hydrogen energy levels due to A4. We express the
energy shift in terms of the frequency shift ∆f = ∆E/h. For the level nS the frequency
shift is [5, 6]
∆fslope(nS, 4-loop) =
4(Zα)4mc2
h n3
(mr
m
)3 [(α
π
)4
A4
]
, (10)
where mr is the reduced mass mr = mM/(m+M) and M is the proton mass. Inserting
the values of m, M , c, h and Z = 1, the correction due to A4 is
∆fslope(nS, 4-loop) =
36.11
n3
Hz , (11)
and is comparable with the experimental error of the extremely precise measurement of
1S− 2S transition[7]
f(1S− 2S) = 2466 061 413 187 018± 11 Hz . (12)
Eq.(11) is the first calculated 4-loop correction to energy levels, of the kind
(
α
pi
)4
(Zα)4;
we note that there are some two-loop and three-loop radiative corrections which still have
theoretical errors larger than Eq.(11), of the order of 10
(
α
pi
)2
(Zα)6 and 10
(
α
pi
)3
(Zα)5,
respectively (see [8, 9]).
3
(1) (2) (3) (4) (5) (6) (7) (8) (9)
(10) (11) (12) (13) (14) (15) (16) (17) (18)
(19) (20) (21) (22) (23) (24) (25)
Figure 2: The 25 gauge-invariant sets. We show one single vertex diagram for each set.
Now we consider the shift due to all the QED 4-loop contributions: A4 from F
′
1(0),
a
(4)
e from g-2 (see Eq.(2) of Ref.[1]) and Π
(4)
le,1 from vacuum polarization (see Eq.(4) of
Ref.[10]). Writing
∆f4-loop QED(nS) =
(Zα)4mc2
h n3
(mr
m
)3 [(α
π
)4
D40
]
, (13)
then
D40 =4A4 + a
(4)
e −Π(4)le,1 = 3.546182− 1.912245− 1.583612
= 0.05032465082590245550858429619942750274917. . . . (14)
Note the deep numerical cancellation. Therefore
∆f4-loop QED(nS) =
0.513
n3
Hz . (15)
There are 891 vertex diagrams contributing to A4. They can be obtained by inserting
an external photon in each possible electron line of the 104 4-loop self-mass diagrams
shown in Fig.1. Because of the Furry’s theorem, the vertex diagrams with closed electron
loops with an odd number of vertices do not contribute, and are not considered. The
vertex diagrams can be arranged in 25 gauge-invariant sets (Fig.2). The sets are classified
according to the number of photon corrections on the same side of the main electron line
and the insertions of electron loops (see Ref.[11]). The numerical contributions of each
set, truncated to 40 digits, are listed in the table 2. Adding the contributions of diagrams
with and without closed electron loops one finds
A4(no closed electron loops) =
0.3514798015766637774090446716934794695266 , (16)
A4(closed electron loops only) =
0.5350658723697793684277770589168358898637 . (17)
By building systems of integration-by-parts identities[12, 13] and solving them[14],
the contributions of all the diagrams to A4 are expressed as linear combinations of 334
master integrals, the same ones as appeared in the calculation of 4-loop g-2 [1].
4
1 0.1350531726346435372674724541103838371038
2 0.3802929165240844585552528298843579658371
3 - 0.0789488893676831608109628366941799823079
4 0.3662786736588470044584250527325325702299
5 - 1.0979832148317652705103820073196531832520
6 0.6467871429585372084492391789800382619165
7 0.0895891170440342216099366534902414320652
8 - 0.3322086225106643608126657791889571079890
9 0.0763376479373933425961220467893817339605
10 0.2118669010888818123786340161652003594809
11 - 0.0541837571893361764657206136746826299854
12 0.0108761535582321058694530867351119912448
13 - 0.0142646608196830116628021692409901716905
14 - 0.0058117416010420357833143542203438251011
15 - 0.2439068506475319592123409557076293747890
16 0.2062012570841125786262218639260170000956
17 0.0085366428673036656037790352019835488011
18 0.0533927095302949341276880145918233326838
19 0.0236058911191014021135877461122766184082
20 0.0740163162205724051338179043210727390276
21 - 0.0537711607064956999082765338567906834199
22 0.1819474273966664016975772159395176159307
23 0.2359289294543601921365690660148707901595
24 - 0.0021225895319909487365222280699442649666
25 0.0690362620755704991160330435886767859471
Table 2: Contribution to A4 of the 25 gauge-invariant sets of Fig.2.
In Ref.[1] these master integrals were calculated numerically with precision ranging
from 1100 to 9600 digits; analytical expressions were fit to all these master integrals
(single or in particular combinations) by using the PSLQ algorithm[15, 16].
For the scope of this work these results suffice, with the exception of a new combina-
tion of elliptic master integrals, which has been successfully fit by using the same basis
used for the other master integrals.
Therefore, the analytical expression of A4 contains the same transcendentals appeared
in the g-2 result: values of harmonic polylogarithms[17, 18] with argument 1, 12 , e
ipi
3 , e
2ipi
3 ,
e
ipi
2 [19, 20], a family of one-dimensional integrals of products of elliptic integrals, and
the finite terms of the ǫ−expansions of six master integrals belonging to the topologies
81 and 83 of Fig.1. The result of the analytical fit is written as follows:
A4 =T0 + T2 + T3 + T4 + T5 + T6 + T7 +
√
3 (V4a + V6a) + V6b + V7b
+W4a +W6b +W7b +
√
3 (E4a + E5a + E6a + E7a) + E6b + E7b + U . (18)
The terms have been arranged in blocks with equal transcendental weight. The index
number is the weight. The terms containing the “usual” transcendental constants are:
T0+T2+T3 = −
92473962293
19752284160
−6619898477
21772800
ζ(2)−12334741
132300
ζ(3)+
97832509
90720
ζ(2) ln 2 , (19)
T4 = −
241619904061
391910400
ζ(4) +
4572662443
12247200
ζ(2) ln2 2− 1449791143
3061800
t4 , (20)
5
T5 =
90355973
134400
ζ(5) +
1173056009
9072000
ζ(3)ζ(2) − 8548241
30240
ζ(4) ln 2− 68168
135
t5 , (21)
T6 =−
244603373713
52254720
ζ(6)− 8082848863
24192000
ζ2(3) +
159693503
72000
ζ(3)ζ(2) ln 2
− 328317209
302400
ζ(4) ln2 2 +
402152509
189000
t4ζ(2)−
18215
27
t61 +
26062
27
t62 , (22)
T7 =−
7224951103
1741824
ζ(7)− 1267114025
387072
ζ(4)ζ(3)− 2749470791
387072
ζ(5)ζ(2)
+
971827
128
ζ(6) ln 2− 6242389
6048
ζ(3)ζ(2) ln2 2− 427145
504
t4ζ(3)
+
1420289
180
t5ζ(2) +
256321
756
t71 −
116987
63
t72 +
104041
20
t73 , (23)
where
t4 =a4 +
1
24
ln4 2 , t5 = a5 +
1
12
ζ(2) ln3 2− 1
120
ln5 2 , (24)
t61 =b6 − a5 ln 2 + ζ(5) ln 2 +
1
6
ζ(3) ln3 2− 1
12
ζ(2) ln4 2 +
1
144
ln6 2 , (25)
t62 =a6 −
1
48
ζ(2) ln4 2 +
1
720
ln6 2 , (26)
t71 =d7 − 2b6 ln 2 + 4a6 ln 2 + 2a5 ln2 2−
49
32
ζ2(3) ln 2− 95
32
ζ(5) ln2 2 +
1
8
ζ(4) ln3 2
− 1
3
ζ(3) ln4 2 +
1
12
ζ(2) ln5 2− 1
120
ln7 2 ,
(27)
t72 =b7 − 3a7 − a6 ln 2−
1
2
ζ(5) ln2 2 +
1
48
ζ(4) ln3 2− 1
24
ζ(3) ln4 2
+
1
120
ζ(2) ln5 2− 1
1680
ln7 2 , (28)
t73 =
(
a4 −
1
4
ζ(2) ln2 2 +
7
16
ζ(3) ln 2 +
1
24
ln4 2
)
ζ(2) ln 2 . (29)
The terms containing harmonic polylogarithms of e
ipi
3 , e
2ipi
3 :
V4a = −
14186171
194400
Cl4
(π
3
)
− 103023803
583200
ζ(2)Cl2
(π
3
)
, (30)
V6a =
916598
76545
v61 +
844343
28350
v62 +
178619489
3980340
v63 −
263673944
295245
v64 , (31)
V6b =
212671
2400
v65 −
1031987
14400
ζ(2)Cl22
(π
3
)
, (32)
6
V7b = −
507
4
v71 −
295
4
v72 , (33)
where
v61 =ImH0,0,0,1,−1,−1
(
ei
pi
3
)
+ ImH0,0,0,1,−1,1
(
ei
2pi
3
)
+ ImH0,0,0,1,1,−1
(
ei
2pi
3
)
+
27
26
ImH0,0,1,0,1,1
(
ei
2pi
3
)
+
207
104
ImH0,0,0,1,1,1
(
ei
2pi
3
)
+
10
3
a4Cl2
(π
3
)
+
7
4
ζ(3)ImH0,1,−1
(
ei
pi
3
)
+
21
8
ζ(3)ImH0,1,1
(
ei
2pi
3
)
− 5
72
ζ(3)ζ(2)π
− 5
6
Cl2
(π
3
)
ζ(2) ln2 2 +
5
36
Cl2
(π
3
)
ln4 2− 27413
67392
ζ(5)π
+
4975
11583
ζ(4)Cl2
(π
3
)
, (34)
v62 = ζ(2)
(
ImH0,1,1,−1
(
ei
pi
3
)
+
3
2
ImH0,1,1,−1
(
ei
2pi
3
)
− 1
6
ζ(3)π +
1
108
ζ(2)π ln 2
− 5
2
ImH0,1,−1
(
ei
pi
3
)
ln 2− 15
4
ImH0,1,1
(
ei
2pi
3
)
ln 2 +
25
12
Cl2
(π
3
)
ln2 2
− 661
1188
Cl2
(π
3
)
ζ(2)
)
,
(35)
v63 =Cl6
(π
3
)
− 3
4
ζ(4)Cl2
(π
3
)
, v64 = Cl4
(π
3
)
ζ(2)− 91
66
ζ(4)Cl2
(π
3
)
, (36)
v65 =ReH0,0,0,1,0,1
(
ei
pi
3
)
+Cl2
(π
3
)
Cl4
(π
3
)
, (37)
v71 =ReH0,0,0,1,0,1,−1
(
ei
pi
3
)
+ 4ReH0,0,0,0,1,1,−1
(
ei
pi
3
)− 27
8
ReH0,0,1,0,0,1,1
(
ei
2pi
3
)
− 135
16
ReH0,0,0,1,0,1,1
(
ei
2pi
3
)
− 27
2
ReH0,0,0,0,1,1,1
(
ei
2pi
3
)
+ ImH0,1,−1
(
ei
pi
3
)
Cl4
(π
3
)
+
3
2
ImH0,1,1
(
ei
2pi
3
)
Cl4
(π
3
)
+
145
132
Cl6
(π
3
)
π ,
(38)
v72 =ζ(2)
(
ReH0,1,0,1,−1
(
ei
pi
3
)
+ 2ReH0,0,1,1,−1
(
ei
pi
3
)
+
9
4
ReH0,1,0,1,1
(
ei
2pi
3
)
+
9
2
ReH0,0,1,1,1
(
ei
2pi
3
)
+ ImH0,1,−1
(
ei
pi
3
)
Cl2
(π
3
)
+
3
2
ImH0,1,1
(
ei
2pi
3
)
Cl2
(π
3
))
. (39)
7
The terms containing harmonic polylogarithms of e
ipi
2 :
W4a =−
1117
36
ζ(2)Cl2
(π
2
)
, (40)
W6b =
38424
125
ζ(2)Cl22
(π
2
)
, (41)
W7b =− 472v73 , (42)
where
v73 =ζ(2)
(
ReH0,1,0,1,1
(
ei
pi
2
)
+Cl2
(π
2
)
ImH0,1,1
(
ei
pi
2
)− 1
2
Cl4
(π
2
)
π
+
1
4
Cl22
(π
2
)
ln 2
)
. (43)
A term ζ(2)Cl2
(
pi
2
)
appears in Eq.(40); it did not appear in the 4-loop g-2 result[1]
because of cancellations in the final sum of all 4-loop diagrams. The terms containing
elliptic constants:
E4a = π
(
5581729229
362880000
B3 +
1233637481
1399680000
C3
)
, E5a = −
11495611
3265920
πf2(0, 0, 1) , (44)
E6a = −
365478661
24494400
e61 +
119022487
5443200
e62 , E6b = −
751
729
ζ(2)f1(0, 0, 1) , (45)
E7a = −
98285
248832
e71 −
157753
497664
e72 , E7b =
157753
41472
e73 −
99731
1944
e74 , (46)
where
e61 =π
(
f2(0, 2, 0)−
9
4
ln 2f2(0, 0, 1)
)
, (47)
e62 =π
(
f2(0, 1, 1)−
3
8
f2(0, 0, 2)−
3
2
ln 2f2(0, 0, 1)
)
, (48)
e71 =π
(
f2(2, 1, 0) +
7
3
f2(1, 2, 0)− 2f2(1, 1, 1) +
40
27
f2(0, 3, 0)−
7
3
f2(0, 2, 1)
+ f2(0, 1, 2)− 30 ln 2f2(0, 2, 0) + 45 ln 2f2(0, 1, 1)−
135
8
ln 2f2(0, 0, 2)
)
, (49)
e72 =π
(
f2(2, 0, 1) +
14
3
f2(1, 2, 0)− 2f2(1, 1, 1)− 2f2(1, 0, 2)−
370
27
f2(0, 3, 0)
+
85
3
f2(0, 2, 1)− 22f2(0, 1, 2) + 7f2(0, 0, 3) + 11ζ(2)f2(0, 0, 1)
− 20 ln 2f2(0, 2, 0) + 30 ln2f2(0, 1, 1)−
45
4
ln 2f2(0, 0, 2)
)
, (50)
8
(f, f ′, f ′′)
k-r
r s
p
k-r-s
r s
p
(g, g′, g′′)
Figure 3: Master integrals known only numerically. (f, f ′, f ′′) and (g, g′, g′′) have numerators equal to
(1, p.k, (p.k)2), respectively.
e73 =ζ(2)
(
f1(1, 0, 1)− f1(0, 1, 1) +
1
4
f1(0, 0, 2)
)
, (51)
e74 =ζ(2)
(
f1(0, 2, 0)−
3
2
f1(0, 1, 1) +
9
16
f1(0, 0, 2)
)
. (52)
The term containing the ǫ0 coefficients of the ǫ−expansion of six master integrals (see
f , f ′, f ′′, g, g′, g′′ of Fig.3):
U =
174623
288000
C81a +
29479
7200
C81b −
43
6
C81c +
10871
14400
C83a −
157
1620
C83b −
95
24
C83c . (53)
In the above expressions b6 = H0,0,0,0,1,1
(
1
2
)
, b7 = H0,0,0,0,0,1,1
(
1
2
)
,
d7 = H0,0,0,0,1,−1,−1(1), Cln (θ) = ImLin(e
iθ). Hi1,i2,...(x) are the harmonic polyloga-
rithms. The integrals fj are defined as follows:
fm(i, j, k) =
9∫
1
ds D1(s)Re
(√
3m−1Dm(s)
)(
s− 9
5
)
lni (9− s) lnj (s− 1) lnk (s) ,
(54)
Dm(s) =
2√
(
√
s+ 3)(
√
s− 1)3
K
(
m− 1− (2m− 3)(
√
s− 3)(√s+ 1)3
(
√
s+ 3)(
√
s− 1)3
)
; (55)
K(x) is the complete elliptic integral of the first kind. The constants B3 and C3 have
the following hypergeometric representations [21, 22]:
B3 =
1∫
0
dx
K2c (x)√
1− x =
π
27
√
3
(
4F˜3
(
1
6
1
3
1
3
1
2
5
6
5
6
2
3
; 1
)
− 4F˜3
(
5
6
2
3
2
3
1
2
7
6
7
6
4
3
; 1
))
, (56)
C3 =
1∫
0
dx
E2c (x)√
1− x =
π
27
√
3
(
4F˜3
(
1
6
1
3
4
3
−
1
2
−
1
6
5
6
5
3
; 1
)
− 4F˜3
(
−
7
6
−
1
3
2
3
−
1
2
−
5
6
1
6
1
3
; 1
))
, (57)
9
T0 - 4.681684484889468094812989972699947224
T2 - 500.133034055977659141446135278499933321
T3 1117.500891445130805660768567602555268503
T4 - 621.782936431818861978090058789852717683
T5 461.630448606722732032079258609728703085
T6 - 722.889129056625650906898067019971503340
T7 - 1920.880025680053685984763498010088725117
V4a - 361.756789173538133855596918541497826293
V6a - 12.795973342316846821724756996806906345
V6b - 43.243682435714549680745107097288577324
V7b - 357.420812721946242890859711585624260199
W4a - 46.749646168999285541674809967204826369
W6b 424.228046686093592380691247689052425405
W7b 1161.850798649722146670796323365721460341
E4a 363.984514808233148461875123331608293748
E5a - 340.007389863188265877938835467376960664
E6a 282.390876991327380717000994357591349928
E6b - 28.367551495832530043307768783586340006
E7a - 460.255472174720354400490351968210139167
E7b 1956.590087984274945528724322574247574302
U 40.520106727663067648614920217821543664
C81a 116.694585791186600526332510987652818034
C81b - 8.748320323814631572671010051472284815
C81c - 0.236085277120339887503638687666535683
C83a 2.771191986145520146810618363218497216
C83b - 0.807847353263827557176395243854200179
C83c - 0.434702618543809180642530601495074086
Table 3: Numerical values of the constants appearing in Eq.18.
4F˜3
( a1 a2 a3 a4
b1 b2 b3 ;x
)
=
Γ(a1)Γ(a2)Γ(a3)Γ(a4)
Γ(b1)Γ(b2)Γ(b3)
4F3
( a1 a2 a3 a4
b1 b2 b3 ;x
)
, (58)
Kc(x) =
2π√
27
2F1
(
1
3
2
3
1
;x
)
, Ec(x) =
2π√
27
2F1
(
1
3
−
1
3
1
;x
)
. (59)
The numerical values of the constants appearing in Eq.(18) are listed in Table 3. The
right-hand sides of Eqs.(20)-(23), Eqs.(31)-(33), Eq.(42) and Eqs.(45)-(46) have been
written by using some suitable combinations of constants, ti, vi and ei, found by com-
paring the fits of several contributions of diagrams to A4 and F2(0). In this way, we
obtain a decomposition of A4 as linear combinations of the elements of a basis of only 57
objects (the terms in the right-hand sides of Eqs.(19)-(23), Eqs.(30)-(33), Eqs.(40)-(42),
Eqs.(44)-(46) and Eq.(53)). We have found that each one of the 891 contributions of the
4-loop vertex diagrams to F ′1(0) and to F2(0) can be written as linear combination of the
elements of this basis.
We briefly describe the method used to obtain A4. It is the same used in Ref.[1].
The 104 self-mass diagrams are generated with a C program. The contribution to A4
from the amplitude Mµ(p + q/2, p − q/2, q) of a vertex diagram is extracted by using
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projectors [25, 26]
F ′1(0) = Tr
(
P (2)µν (p)
∂Mµ(p+ q/2, p− q/2, q)
∂qν
∣∣∣∣
q=0
+P (3)µνρ(p)
∂2Mµ(p+ q/2, p− q/2, q)
∂qν∂qρ
∣∣∣∣
q=0
)
, (60)
analogously to the corresponding formula for g-2
F2(0) = Tr
(
P (0)µ (p)Mµ(p, p, 0) + P
(1)
µν (p)
∂Mµ(p+ q/2, p− q/2, q)
∂qν
∣∣∣∣
q=0
)
; (61)
we use a FORM[23, 24] program to perform this operation. For each self-mass diagram a
large system of integration-by-parts identities[12, 13] is generated and solved by using
the program SYS[14]. Using this system of identities the contribution of each diagram is
reduced to master integrals, which are the same of Ref.[1].
The contribution of a diagram to the slope must be independent of the internal routing
chosen for the external momentum of the photon q. We compute the contributions with
two different routings, one minimizing and the other maximizing the number of momenta
containing q. We check that both expressions are reduced to same combination of master
integrals.
Let us compare the contributions to the slope and to g-2 of the same diagrams.
Due to the second derivative appearing in Eq.(60), the contribution to the slope contains
Feynman integrals with sum of exponents increased by 2 in the numerators and increased
by 1 in the denominators. The total number of Feynman integrals of a contribution
increases typically of a factor ∼ 10− 20.
For the same reason, the number of identities of the system necessary to reduce the
contributions to the slope increases of a factor 10 − 30 (up to 5 × 108), and the size
increases of a factor 10 (up to 1.5TB).
For example, let us consider the contributions from the vertex diagrams derived from
the self-mass diagram 22 of Fig.1; in the sector with all the 11 denominators the Feynman
integrals have maximum sum of the exponents of the scalar products equal to 7, and
maximum sum of the exponents of the denominators minus the number of denominators
equal to 3. The integrals which have maximum sum of exponents are generated by the
derivative with respect to the external photon momentum; we have verified that it is not
necessary to generate integration-by-parts identities which contain Feynman integrals
with total sum of exponents greater than these maxima.
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